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Outlines:
- Basics of normal form theory
- A module of formal vector fields with a special grading
- An algorithm for computing normal forms in the module

- Normal forms of generalized vector fields



Main questions in the normal form theory:
@ analyze the structure of normal form,
@ compute it,

@ analyze convergence of the obtained series.

e Our work concerns only with algorithms for computing of a normal forms.



Main questions in the normal form theory:
@ analyze the structure of normal form,
@ compute it,

@ analyze convergence of the obtained series.

e Our work concerns only with algorithms for computing of a normal forms.

e The classical approach developed by Poincare, Dulac and Lyapunov and
requires substitution series into series.

The other one is based on Lie transformation and was developed starting from
the works of Birkhoff, Steinberg, Chen and others. Using this way a
normalization is performed as a sequence of linear transformations.



Notations:
@ F afield (R or C),
@ V" the space of vector fields v : F" — F” which coordinates are power

series in xi,...,%, (we will say "in x") vanishing at the origin, which can
be convergent or merely formal,

@ V! be the vector space of polynomial vector fields on F”, that is, vector
fields v : F" — " such that each component v; (i =1,...,n) of vis a
homogeneous polynomial of degree ;.

V" and V} are vector spaces over FF and V" = &%,V



x = u(a, x), (1)

a=(a1,...,a) is an {-tuple of parameters, u(a,x) € V" and all terms of
u(a, x) depend polynomially on parameters a.
V" can be viewed also as a module over the ring of power series in xi, ..., Xn.

It has natural grading by the degree of polynomials:

oo

)= u(a,x), (2)

j=1

where uj(a, x) is a homogeneous polynomial of degree j in x, that is,
uj(a,x) € V.
The normalization of (1) is performed according to this grading.



x = u(a, x), (1)

a=(a1,...,a) is an {-tuple of parameters, u(a,x) € V" and all terms of
u(a, x) depend polynomially on parameters a.
V" can be viewed also as a module over the ring of power series in xi, ..., Xn.

It has natural grading by the degree of polynomials:

oo

)= u(a,x), (2)

j=1
where uj(a, x) is a homogeneous polynomial of degree j in x, that is,
uj(a,x) € V.

The normalization of (1) is performed according to this grading.

e We use another approach which is based on the grading of the power series
by the degree of polynomials in the parameters of the system:

oo

)= B(a,x), (3)

s=1

where s is a homogeneous polynomial of degree s in variables a.
We work with formal vector fields using the grading of the formal series by
polynomials which are homogeneous with respect to parameters a of u(a, x).



As the result we will obtain an algorithm for computing normal forms which
has two advantages with respect to the traditional ones:



As the result we will obtain an algorithm for computing normal forms which
has two advantages with respect to the traditional ones:

— It allows performing the parallelization of normal forms computations.
Namely, for (1) the terms of powers series in a normal form have the form
p(a)x", where x" is a resonant monomial and p(a) = Zaesupp(p) paa® is
a polynomial in a. Using traditional methods one can compute only the
whole term p(a)x".

We can compute any term p,a® of p(a) without computing the whole
polynomial p(a).



As the result we will obtain an algorithm for computing normal forms which
has two advantages with respect to the traditional ones:

— It allows performing the parallelization of normal forms computations.
Namely, for (1) the terms of powers series in a normal form have the form
p(a)x", where x" is a resonant monomial and p(a) = Zaesupp(p) paa® is
a polynomial in a. Using traditional methods one can compute only the
whole term p(a)x".

We can compute any term p,a® of p(a) without computing the whole
polynomial p(a).

— Only arithmetic operations with numbers are used.



x=1f(x), f(x)=Ax+) fi(x), x€eF, (4)
j=2
f;(x) is an n-dimensional vector valued homogeneous polynomial of degree j.
A'is a diagonal matrix with the eigenvalues A1, ..., Ay, x = (x1,...,x,) . Let
A= (A1,..,A0)7 €F". Set Ng = NU{0}. For a = (au,...,a,) € Nj we
denote

(z\,&)zZa,-/\,-, o =14+ an
i=1
and x® = X" x;.? - x5, x is a column vector and x® is a monomial.
Normalizing transformation:
x=y+hy)=y+> k) (5)
j=2
(o)
y=Ay+&(y), &)= &), &WeV, Jj=23.... (6)
j=2

x% in the k-th entry is a resonant monomial if if is of the form g(®)y®e, with
(A a) — A =0. (7

We say that system (6) is in the Poincaré~Dulac normal form (or, simply in the
normal form) if g(y) contains only resonant terms.



The homological operator:
(£v)(x) = Dv(x)Ax — Av(x). (8)
Let
£J : ))jn — an

be the restriction of £ to V. The £; is semisimple with the eigenvalues
Ba,i = (a, \) — \j and (basis) eigenvectors p; o = ex® (Ja| =j, i=1,...,n).
The kernel of £/ is spanned by all monomials e;x®, where i and « satisfy

Ba,i = 0.
an =im£; @ ker £;.

Assume that equation (4) has already been normalized to order j — 1, so (6) is

a normal form of (4) up to order j — 1.

@ Solve

£h =1 - &, (9)
@ With this g; (6) is in the normal form to order j.
@ Perform the transformation x — x + hj(x)

@ Re-expand the series f(x) up to order j + 1.



Another setting for computation the normal form is using the Lie brackets.
[w, v] = D(v)w — D(w)v
. The adjoint map: w(x) € V",
ad w(x) = [w(x),] : V" = V".

In particular, £ = ad Ax and (6) is in the normal form iff

(ad Ax) g =0, for all k =2,3,....
Let x = a(x), dx/ds = b(x), b(0) = 0 with the flow 1s. By the Theorem on
Lie series for vector fields

¥i(x) " a(vs(x)) = a(x) + s(ad b)a(x) + %2(ad b)’a(x) +....
If (4) is in the normal form up to order j — 1 solve
£k = -,
for h; and g; and performs in (4) the transformation
x = s(x)

with s = 1 and v¢s(x) being the flow of

dx =

x = Hpn(y) o0 Ha(y), Hi =exp(h), k=2,...,m.



A grading of the formal vector fields module

Assume that the terms of the function f(x) in (4) depends polynomially on

parameters ai,...,ac and let a = (a1,..., ar), so the terms of f(x) = f(a, x)
are _
((l;)l ----- 1By Bn)af1 . agleﬁl o X'?"' (10)
Example.
X1 = x1+ ago)xl + a(l)X1X2 +a" i3x23 =x(1+ a:(lo)xl + a((n)X2 +a" i X1 'x3),
X = —x2 + agO)X1X2 + a((n)xz + ‘9(()2)X23 =x(-1+ a§o)xl + a((n)Xz + 3022)X2)

(11)

The normal form of (11) up to order 5 is
x = diag(1, —1)x + g2(x) + g3(x) + ga(x) + &5(x), (12)
where x = (x1,x)", g2(x) = ga(x) = 0 and
g3(x) = (a(— 301 a10 + 301 310 )X1X27 x(— 301 a10 + 301 310 )X1X2)Tv
gs() = (((a7)"alg alg) + agr'a1o é? fo 2( V) (am) )xm,
xe(—agy ai ag aig -+ ai agg atg -+ 2(a)(alg))” — apy' 2 (a1g)” + 2253 (al)))

12 monomials involved parameters, four monomials xZxo, x1x3, xPx3, x2x3.



Xk :)\ka'i‘XkZa;k)X; (k: 17"‘7")7 (13)

7€,
Qi (k=1,...,n) is a fixed ordered set of multi-indices (n-tuples)
= (i1,...,In), whose k-th entry is from N_; = {—1} UNj and all other entries

are from No.
£ — the number of parameters a in (13).
Let [ be the ¢ x n matrix WhICh rows are all n-tuples 7

1= x3+ ago)xl + aél)xle + a( i3x23 =x(1+ ago)xl + a((n)XQ + a( 13x1 1><23)
o =—x2+ alo)xlxz + a(()1 x5 + 302 s = x(—1+ ago)xl + a(Z)xz + ao?x2)
;_(r 0o -1 10 0\
“\01 3 0 1 2
For v = (11,...,v) € N§ ;
L(v) =vL. (14)

L(v) is the row vector L(v) = (Li(v), ..., La(v)). L:N§ — Z".

L(v) = (11 — v3 + va,v2 + 33 + 15 + 25).

e We use L(v) to grade the space of parameters (L(v) is degree of a
monomial).



Denote by a the ordered (according to the order in Qx, k =1,2,...,n) {-tuple
of parameters of system (13),

1 1 n
a= (ag(l)),a;(;), e agz)))
by F[a] the ring of polynomials in variables a;ll)), e, a;&)) over F. Any
monomial in parameters of (13) has the form
v 1) \v 1) \v v, L
a = (@) @) (@) (v e No). (15)

Definition 1

For m € Z", a (Laurent) polynomial p(a), p = ZVGSupp(p) pa¥, is an
m-polynomial if for every v € Supp(p) C N, L(v) = m.

For a given m € Z" let R, be the subset of F[a] consisting of all

m-polynomials. Let
R = DOmezn Rm.
Since
le Rmz C Rm1+m2a

R is a graded ring, Ro = F.
Rn as well as R are vector spaces over [ for the usual addition and the
multiplication by numbers from F.



M= {(m,...,my) €N :|m| >0,m € imlL, m; = —1 for at most one j}.

Let M; be the space of vector fields of the form

R ST
meM,
mi>0 if ij
where pj('")(a) €Rnforallj=1,... n
Cf. Usual grading of power series:

5= Y a™@x"  (j=1,...,n)

k=1 |m|=k
Let
M= My x - x M,
Denoting p{™(a) = er":1 ejp}m)(a), for every member of M there exists a finite
or infinite set £ C M such that it can be written as
> x @ p™(a)x" (16)
meL

with ® denoting Hadamard multiplication.
M is an additive group and moreover, M is a module over the ring (F", +,0)
with the multiplicative unit 1 =" & € F".



Lie brackets in M

Lemma 1
Any element ©@ = (@Y ... @) € M can be written in the form
o= Z(e(u) ® x)ak x| (17)
HEW

where (1) = (01(1), - - ., 0a(1)), w is a finite or infinite subset of N§ such that
if p € w then L(p) € M. Additionally, if Lj(n) = —1, then 0(p) = 0;(1)e;.
NB. In (17) a* is L(u)-polynomial.
Lie bracket:
[©,d] := (D®)O — (DO)®
for any ©,® € M.

Lemma 2
IfO® = (0 x)a"x"") and & = (¢ © x)a’x"*), where y,v € N§,
6= (0,... ,9,7)T and ¢ = (¢1, ... ,(;5,,)T, then

[©, 8] = ((L(v), 0)¢ — (L(n), $)0) © x)a" " x ) € m. (18)



Corollary 1
If©,® € M, then [@,®] € M. Moreover, if

® = Z(¢(y)@x) vilv) @ = Z(Q(M)QHMXW)

vEw] HEWL

then

0,01 = > ) (L), 6@))0(1) — (L), 0(1))é(¥)) @ x)aH+xcHk2),

HEW VEW]

Let L{f, s > 0, be the space of polynomial vector fields of the form
> (On) © )
lu|=s

Then M = @s L{l

Cf. V" is the space of polynomial vector fields of degree j.

Us = {(T® x)a*x )+ u| = s}.
Any vector field s of the form (20) can be written as

0= 37 (000 © () = 37 (0() © x)at 1),

[u|=s [p|=s

(19)

(20)

(21)

- L{f is a module generated by Us over the ring (F", +,®) with the operation of

multiplication by the elements of the ring being the Hadamard product.



Definition 2
We say that @ € M is of level s if @ € Uf and © € M is of level at least s if

each term
0 = (0 ®x)a"x"™

of © is in some on/If+j, where j € Np.
By Lemma 2 if ©@ € U, ® € U and ad O is the adjoint operator acting on ®

by
(ad @)@ =[O, ®],

then (ad ©®)'® is an element of Z/{,£+t, that is,
(ad ©) 1 U — Up.. (22)

N.B. (ad ©)' "lifts" the space U{ to the space UL, ,.



The normal form algorithm

Any equation of the form (13) can be written as
x = ao(x) + a1(x) + a(x) + - - - = a(x), (23)
where a(x) = A\ @ x, as(x) € U! for s > 1,
as(x) = Y (a(p) @ x)a"x W,
peo(s)

where a(u) € F". Since ao(x) € Ug and the nonlinear part ai(x) of (13) is from
U{, equation (13) is of the form (23).

X1 = x1+ ago)xl + aél)x1><2 + a(_}3x23 =x(1+ ago)xl + a((n)X2 + a(_i3x1 1><23)
X =—x+ aio)xlxz + a((n)xz + a(()2)x23 =x(-1+ a§0)><1 + a((n)xQ + a xz)

o 1 X1
1 X1 1 1
al(X) :<O> ® <X2> alo X1 + (O) ® (Xz) a(()ll)xz -+ < > (O} <X2> 3(133)(1 X23+
0 X1\ (2 0 X1\ X1\ _
<1> © (X2> agO)Xl - (1) © (XQ) agl)X2 " <1> © <X2> 382)X22

o o



Lemma 3

If
(L(p), ) =0, (24)
then all entries of the vector field
(a(p) © x)a"x ) (25)

are resonant terms.
Lemma 3 justifies the following definition.
Definition 3

It is said that a term of the form (25) of the right-hand side of (23) is resonant
if (24) holds.



Definition 4
We say that equation (23) is in the normal form up to level s if all
non-resonant terms in ai(x), ..., as(x) are equal to zero.

If equation (23) is in the normal form for all levels s € N, then it is in the
normal form in the usual sense.
We say that the operator £2 : M — M which acts on e (17) by

£ _(0(1) ©x)a"x 1) =3 “(L(p), A (i) © x)a"x" ) (26)

is the homological operator of (23) £7 is a homomorphism of the module M
over F". Indeed, for any ¢ € F"

£(60 Y (0(p) ©x)a"x ) =Y (L(1), ) (6 @ () © x)a"x" )

HEW HEW

=00 £ _(6(1) ©x)a"x")).

HEW

The restriction of £2 on U is denoted by £2. Obviously, £2 : U — U:. From
(26) the set Us defined by (21) is the set of basis eigenvectors of £7 and

ul = im£; @ ker £;.



Assume that equation (23) is in the normal form up to level s — 1, s > 1, that

is, for terms of the form (25) appearing in (23) if |u| < s—1 and
(L(u), A) # 0, then a(r) = 0. Then the homological equation

Ej(hS) =3as— &s

can be solved for hs and gs as follows:

)= D m(a(u)m)aﬂx“m,

[n]=s,(L(1),\)#0

gs(x) = Z (ap) ® x)a*x ).

|1al=s.(L(1). ) =0

Theorem 1

(27)

(28)

Assume that equation (23) is in the normal form up to level s — 1, s > 1, and

let
Hs(x) = exp(hs(x))

(29)

where hs is defined by (27). Then performing the substitution y = Hs(x) and
changing y to x we obtain from (23) an equation, which the right hand side is

from M and is in the normal form up to level s.



Proof.

According to the theorem on Lie series for vector fields after transformation
(29) we obtain from (23) the vector field

a(x) + (ad hs)a +Z (ad hs) (30)

By (22) the last summand is of the level at least s + 1 and for the first two we
have

a(x) + (ad hs)a(x) = a(x) + [hs(x), a(x)] =
ao(x) + a1(x) + - - + as—1(x) + as(x) + [hs(x), ao(x)] + . . .,

where the dots stand for the terms of level at least s + 1.

By (18), (27) and (28) as(x) + [hs(x), ao(x)] = gs(x). Since by our assumption
(23) is in the normal form up to level s — 1 the equation (30) is in the normal
form up to level s. O



Corollary 2

There are polynomial maps Hi(x), ..., Hs(x), such that equation (23) is
transformed to an equation which is in the normal form up to level s by the
transformation y = Hs o --- o Hs.

Algorithm A. Set ag(x) := Ax, ai1(x) := F(x), ak(x) :=0for k=2,3,...,m
For s =1,..., m do the following:

(i) define hs and g by (27) and (28);

(i) compute

Z Z % (ad hy(x))'ak(x)

and write b(x) = > | bi(x), where b( ) cuf;
(iii) as = g5, ai = bi(x) for i =s+1,.
Proposition 1

If system (23) is in normal form up to level s then it is in the normal form up
to order at least s + 1.



Generalized formal vector fields
Definition 5

Let o be a map defined on some subset w of N§
a:wCNy—F",
where « assigns to every v € w an n-tuple
oy = (oa(v),...,ou(v)).

We say that the n-tuple of the formal power series
a=> aa, (31)

where w = Supp(&), is a generalized vector field.
In more details (31) is

A 1 (1) \v (n v,
@= ZO‘”("’;)))VI(%(Z))) (@), e F
vew
(31) is not a vector field in the usual sense — usual vector field is defined

assigning to a vector from F? a vector of the same dimension, but if a series
(31) converges it assigns to a point from F¢ a vector from F".



Denote the set of all formal vector fields defined by (31) by A.
A is a module over the ring (F", +, ®).
For any k € Ny, let Ak be the subset of all elements of A of the form

7
E agyat.
pilpl=k

Ay is a module over the ring (F", +,©®), A is a direct sum of A, k =0,1,....
Recall that we consider M as the direct sum of modules ¢ over F”,
s=0,1,2,..., and define a module homomorphism

T A—->M

T <Z Oua“) = Z(GH ® x)a"xH, (32)

HEW HEW

T is an isomorphism.



The Lie bracket of § = > cw Oud" and b= D vew, Pra’

[0, 4] = TH([5(0), ().
By (19) and (32)
6,81 = "> ((L(n (L(v), 0.)60) @™, (33)

Since

T ([, 10, 911) = [T(), T([6. 2] = [F(£), [T(9), T(H)])],
it is easily seen that for the Lie bracket in A defined by (33) the Jacobi identity
holds, so A is a Lie algebra and so T defines a Lie algebra isomorphism.



Let & be the image of the right hand side of
x = ao(x) + a(x) + ax(x) + - - - = a(x),

under the isomorphism T~

where
Go=N\ Ok= ay,a”’ for k> 1. (34)

Definition 6

It is said that the generalized vector field & =y ° &y (where dy is of the
form (34)) is in the normal form up to level s if the coefficients of all
non-resonant terms in &i, ..., G&s are equal to zero.

Assume that & is in the normal form up to level s — 1, s > 1. Let

) 1 :
= D e 6= 2 e (35)
wilpl=s, wilpl=s,
(L(p),X)#0 (L(pn),X)=0

that is fs = T 1(hs(x)), & = T (gs(x)), where hs(x) and gs(x) are defined
by (27) and (28), respectively.



Algorithm B.
Set Go =\, 1= .o eka(k) Gk :=0for k=2,3,...,m
For s =1,..., m do the following:

(i) Define As and (s by (35);

(ii) Compute

Z Z (ad ns) P

(where adf)s := [7s, ] is the adJomt operator acting on A) and represent
£ in the form £ = > s{,, where & € UL

(iii) Let &s = Cs, Asi1 = §s+1, e Gy = §m.

The obtained vector field & is in the normal form up to level m.



By Proposition 1 if system (23) is in normal form up to level s then it is in the
normal form up to order at least s + 1. When & is in the normal form up to

level m, a normal form of
Xk :Akxk+kaa§k)xi (k=1,...,n),
T€EQ
can be built up from & using the following procedure:

Set gk(x) = (0,0,...,0)" for k=1,...,m. For u € Uy_,a(k) do the
following:
if a, #0, |L(p)| = k, then gi(x) = gk(x) + (e, © x)akxt ),

(13)



By Proposition 1 if system (23) is in normal form up to level s then it is in the
normal form up to order at least s + 1. When & is in the normal form up to

level m, a normal form of
Xk :Akxk+kaa§k)xi (k=1,...,n),
T€EQ
can be built up from & using the following procedure:

Set gk(x) = (0,0,...,0)" for k=1,...,m. For u € Uy_,a(k) do the
following:
if a, #0, |L(p)| = k, then gi(x) = gk(x) + (e, © x)akxt ),

x = Ax + ng(x)
k=1

is the normalization of (13) up to order m.

(13)



Example. Consider system

= x4 agxd 4+ allxe + a%le = xi(1+ alxi + allx + al X x3),
%o = — xo 4 aDxix0 + al)xE + al)xs = xa(—1+4 aDx + a0 + al)x3).
(12)

For i1 € N§ we will use the abbreviation [u] = [u1, . .., ue] = a*.

By Proposition 1 in order to compute the normal form of (11) up to order 5 it
is sufficient to compute the normal form of (11) up to level 4.

At the level 0 the set o(0) consists of only one vector, (0,0,0,0,0,0) with

A 1
Q0 = 04(0,0,0,0,0,0) = (_1) [0,0,0,0,0,0].

Passing to the level 1, o(1) is the set of vectors
617—7"'5667—7 (36)

which form the standard basis of Z°. The vector field &; is obtained by using
the nonlinear terms of (11):

(3) [e]] + (3) [e]] + <(1,> [e]]+ ((1’) [e]]+ (‘j) [e]] + (j’) el
= (5) (5) = (5) ot () o+ () + ()

&1



Then by (i) of Algorithm B for s = 1 we have (1 =0 and

X N 7 (1N, 1/1\, 7 1/0\. 7 [O\, . [O\.qr
' (0) [el ] - <0> [ez ] - Z (0) [e3 ] - E <1> [e4 ] * (1) [eS ] - <1> [es ]
B (1) a(l) - <1) a(l) - } (1) a(l) - 1 <0> 3(2) " (0> a(z) - (0) a(l)

0 10 01 4\0 —-13 2\1 02 1 10 1 01

0
When we know level s, that is the set o(s), the next level, the set o(s + 1)
obtained by adding to the elements of o(s), one of vectors (36).
According to the Algorithm B we have to set
G = a3 = &4 = (0,0,...,0)".
€4 according to (ii), that is, we compute the sum

(37)

Next we compute 51 +

1 1
(ad ?71) Qo + —(ad 171) o+ — (ad ?71) Qo+

(ad)éa + = (ad M)’én + I(ad )2+

1
Go + (ad 1) + = (ad )2+

43 + (ad 1) s+

G-



Then, for level 1 we have _
(ad 7/71)660 +d&1 =0 (38)
and, for level 2 we obtain

. .\ A 1 " N2 A
Qo + (ad 771)0(1 + E(ad 771)2040. (39)

By (37) &2 = 0 and for the second term of the sum given above

(ad 71 )an (_02> [1,1,0,0,0,0] + (_%/2) [1,0,1,0,0,0] + (3(/)4> [0,1,1,0,0,0]+
(1/2>[0,1,o,1,0 0] + ( )[0,1,0 0,1,0] + ( 3/4)[0 0,1,1,0,0]+

15/4 9/4 0
(_5/4)[0,0,1,0,1,o]+ ( )[o 0,1,0,0,1] + (3)[0,0,0,1,1,O]+

0 0
(1 /2) [0.0,0,1,0,1] + (2) [0.0,0,0,1,1]

From (38) we observe that (ad #;) & = —&:1 and using this in (39) gives



%(ad m)?ao + (ad m)ar = ( 1)[1 1,0,0,0,0] + )[1 0,1,0,0,0]

)[o 1,0,1,0,0]

0
3/8
+ (g )[0,1,1,0,0 0] +
1

+

("
(

1)[0,1,0 0,1,0]+ ( 3/8)[0,0,171,0,01
_5/8 +
+(_,

(
(
+(15/8)[0,0,1,0, 0] (9/8)[00 1,0,0,1]
+ (3/ )[0,0,0,1,1,0] + )[0,0,0,1,0,1]

+ (1)[0,0, 0,0,1,1].

Continuing the computations following Algorithm B we obtain

& =0;
~ (1 1) 1) _(2 1) (2 2) (2
b = (— a01>a§0+ a0, 0,0, @) @7,
43 = (0,alY) 302 a§o)+2ao2)(a2)) )7

=(

1
("01 )2 410 go) +3a (()1) go)a((n) —2(a 01)) (310 )%,
a(()ll)ago)a(gl)alo) + 2(301)) (310 )2 - 301)(31 )) )"

so, the normal form up to level 4 is

& =060+ &1+ dr+ &z + au.

The above agrees with (12). However, the normal forms differ in the seventh order.



Algorithm B allows parallel computations of terms of normal forms.
Proposition 2

If for some k € Nj§ we have (L(k),\) = 0, then the coefficient cv. in the normal form
& is computed using only the monomials oy a# such that a# divides a”, i.e. p; < k;
forallj=1,2,...,¢.

[0 T[T Lo el T (L 4]

teved
Xq‘g}l (1):} [2,2,0, 0,0 0] 4 ‘
/ \)

[2,1,0,9,0 0] 3
E ’/ a) a/o/ ﬂlol

N N

ED Z o)o 9, DJ Ei 1 0 DIDJ E‘Z 0 O/ O/UJ DJ 2
1/ ~ Z[
> Co,1,0,0,00) [41,09 90, D] d

m—k
= Zi;; ZI.L:ITJ L(ad fs) &y (ad fs)'dy : Ax = Agis (that is, "from level k to
k +is".



Thus, in order to compute a coefficient «;, of the normal form we first look for
the set of i involving in the computation of o, by means of Algorithm B.
Denote this set w,. The set w, can be found using the following procedure:
Let |[k| =s. Set p =1, 7.(s) = {x}.

While p < s do

set (s — p) = 0;

for = (u1,...,pme):

fori=1,...,0: if ui —i >0 then 7.(s — p) = 7(k) U {n};

set p=p—+1.

The output of the procedure are the sets 7..(i), i =1,...,s — 1, where 7.(/) is
a subset of elements of level i. Then
s—1 .
T = Uis1 Tw(/)

is the subset of N§ needed in the computation of a,. and in order to compute
the o one just uses Algorithm B where the Lie brackets are computed with w;
and wy in (33) being subsets of 7.
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