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A C R compact, Hull(A)\A=U,

Fractal chain: e, = 3|l,|  (3-gaps in A)

Counting function:

na(e) =#{n:en <ep~EMe P+, D = dimpex(A)
Tube function: Vy : e — |A N Hull(A | ~Me=D 4.
Va(e) = 2/ na(e) de
0

Fractal zeta function:

+oo
Cals) =) € = s/ na(e) e tde, Re(s) > D
0

n

[Lapidus, van Frankenhuijsen (2000), Lapidus, Radunovi¢, Zubrini¢ (2017), ...
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Fractal theta function (partition function):

+0o0o

O4(s) = Ze_”(en) = —s/ na(e) e dr(e),
n 0

7(€) ... weight function

Example 1: if interested in “self-similarity” of A w.r.t. linear scaling
or fractal dimensions

~  7(e) = —loge, (:)A(s) = (a(s).

Example 2: A = {x,}n U {0}, x, \\0, €, =3
“self-similarity” of A at 0 «~ rate of accumulation of {x,} at 0
mEe)~C-ePyr... ~w re=C-eP i.e. 7(ep) ~ n.

~» ©Oa(s) converge for Res > 0 with singularities at ~ 27iZ
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Tent map:
X > f(x):)\(%—|x—%|)7 xeR, A>1
“linear version” of the logistic map x + 2Ax(1 — x)

Julia set:

A=Jr=(){x:f"(x) €[0,1]}

totally disconnected if A > 2 (for A = 3 standard Cantor set)
Fractal zeta function:

(A-2)

G =22 [a- 2] =50 D= dimue(h) = log 2

~ log?2
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Cantor set in [0, 1]

acA: A= U{f" ) =a}

Some measures on A:

po = lim 27" > (x)d

x,  up(f71(B)) = up(B)
{fr(y)=a}
- df”
S Y [T W6 Guls) = w(A), Res>D
n=0 {£n(y)=a}
Critical iterate function
I
N(e) = min {f~"(a) has min. gap < 2¢} ~ _Iggg;
——

7(€)
Then B, (s) = >on ones/ 108 A

= CA(lo;,\)
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Parabolic diffeomorphisms [K., Mardesi¢, Radunovi¢, Resman (2022)]

“Can one see a diffeomorphism?”

Let f(x) = x +axkt1 ... € Diff§(R,0), a<0

A= {x,=1°"(x0), n € Z>o} U {0} an orbits.t. x, \,0.

What does A tell us about f?
Everything: A determines f|A A — A by f(x,) = Xpt1-

Problem:
» Analytic continuation of f from A to (C,0)7

» “Read” analytic invariants of f from fractal properties of A7

Key: "All orbits are alike.”



Fractal theta function of an orbit

Fractal chain: €y = {en = 5"} nen-,
_1
Counting function: ng(€) = max,{e, > €} ~ 2*1;((* %) Fremma 4
—

7(€)

Fractal theta function: @, (s) = 3, e~s7(n), Res > 0.
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Dynamical theta function of an orbit

A = {xo,x1,...} U{0}, asymptotics n — xp,
Dynamical theta function:

Ou(s) = Z e~ st), Res >0,

X €A
t(x) = — 2 tof~t+1+o(1).

ak xk»

Oa(s) = /R oa(x) e st dx, da(x)dx = Z 0y, (x) dx

>0

Lemma B B
Ou(s) = ©;(s), where A = g(A) is an orbit of f = gofog°(-1)

for some g € Diffiy(R, 0).



Birkhoff—Ecalle-Voronin theory

Fatou coordinate: 1 o f(x) = (x) + 1,



Birkhoff—Ecalle-Voronin theory

Fatou coordinate: 1 o f(x) = (x) + 1,

> formal: )(x) = —=ir + ...+ plogx + C"‘Zn 1 X",

akxk



Birkhoff—Ecalle-Voronin theory

Fatou coordinate: 1 o f(x) = (x) + 1,

+o0 n
n=1 rnX",

> formal: (x) = —Lr+ .. +plogx+ C+

> sectorial: on each attractive/repulsive petal ¥q, : Q; — C,

va;(x) ~ (x)

a,




Birkhoff—Ecalle-Voronin theory

Fatou coordinate: 1 o f(x) = (x) + 1,

> formal: (x) = — -2 o plogx + C4+ 358 rxm,

akxk

» sectorial: on each attractlve/repulswe petal g, : ; — C,
b, (x) ~ (x)
Transition maps:
_ o(—1)
Aj(t) = o, o vg (1)
_ wt
=t+ Zwei2mz>o Auje”

Va, Conjugation by t — t+C, C € C.
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Analytic classification

Theorem [Birkhoff '39, Ecalle 75, Voronin '81]
Analytic equivalence in Diffj(C,0) <= same (k, a, p) and same

(Qll(t), - ,lek(t))/(C.

Theorem [Ecalle ‘81, Malgrange '82, Voronin '81]
All (k,a,p) and (A1(t), ..., Az (t))/C are realized.



Theorem [KMRR]
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Theorem [KMRR]

©a(s) is 2wi-resurgent: extends on C\ 27iZ,

with at most exponential growth in non-vertical directions.

s u(s) est(x) ds — ¢A(X)7 w = O,

2mi
Circ(w+R<o) Lewvn(d € 2miZ \ {0},

¥a(x) is the sectorial Fatou
coordinate on the petal Q, ~  ________ -
containing A s.t. ¥a(x0) = 0.

Corollary
F(x) =93V (¥a(x) + 1) on the sector containing A.



Reading the invariants from ©,(s)

Corollary
Coefficients A, j of the analytic invariants are read from the singularities at
w € e%2riZ-g, j=0,...,2k — 1.
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Corollary
Coefficients A, j of the analytic invariants are read from the singularities at
w € e%2riZ-g, j=0,...,2k — 1.

Ny v e eiel
v T If p=0:
\
Oa(s) _ Bu,
COnt,YL%J(w) s = (s—ui) +...,
Bw,O - ewC7

wC
Bu j+2 — Buj =€ Auj,

« w e e%RogN2miZ, 6 =%+,

N
N | —

lq\\\\ J—l,,Zk

\

i6o o\\ VN
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I/JA(X") =n, ne N,

= 1 —s t(x)
Ou(s) = /C ey PP — 1 e dipa(x)

= / 09 e 0 dypy (),
R>o

we2miZ
X wpy (x) dipa(x
ﬁ/ 04 (s) et ds = e¥¥ex) (ﬁ?xg)!'
Circ(w+R<o)
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