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Fractal dimensions

m There are several definitions of fractal dimension.
m e.g., similarity dimension, Hausdorff dimension, box counting
dimension, Minkowski dimension, etc.

Figure: dimy C = dimg C = log; 2

Figure: dimy S =dimg S =log,3 > 1

m Mandelbrot: A set is fractal if its fractal dimension exceeds its

topological dimension.
m None of the above dimensions give a completely satisfactory
definition of a fractal.



Some more examples

Figure: The Devil’s staircase - graph of the Cantor function



Some more examples

Figure: The Devil's staircase - graph of the Cantor function

All of the known fractal dimensions are equal to 1, i.e., to its
topological dimension.
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Figure: Left: The 1/2-square fractal. Right: The 1/3-square fractal.
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Figure: Left: The 1/2-square fractal. Right: The 1/3-square fractal.

The Hausdorff and Minkowski dimensions equal to 1 which is also
their topological dimension.
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The Minkowski content and dimension

m 0#AACRVN
m J-neighbourhood of A:

As = {x e RN : d(x, A) < 6}

m r-dimensional Minkowski content of A:

r i . |A5|
M = iy

m Minkowski dimension of A:
dimgA=inf{reR : M"(A) =0}
=sup{reR : M"(A) =0}
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The geometric zeta function [Lapidus, van
Frankenhuijsen, Pomerance, Maier]

m fractal string: £ = ({;)j>1 ¢ 0

u A[; = {ak = ijkgj ik > 1}

m geometric zeta function: (.(s): Zﬁ s

Example (The Middle-Third Cantor String)

The lengths are (1/3)% each with multiplicity 271, i.e.,

Zes_z2k 1(1>5_ 1
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The set of complex dimensions: {Iog3 2+ I7r]13 }
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The Distance Zeta Function - generalization to
higher dimensions [LaRaZul]

m the distance zeta function of A ¢ RV:

¢a(s) ::/ d(x, AN dx
As
m dependence on J is inessential

1-s s

Ce(s) + .

, given a large enough § > 0

u CAL (5) =

S
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Holomorphicity theorem

Theorem

(a) Ca(s) is holomorphic on {Res > dimgA}, and
(b) R > s < dimgA = the integral defining (a(s) diverges

(c) If 3D = dimg A < N and MP(A) > 0, then
Ca(x) = +oo when R 3 x — Dt

Definition (Complex dimensions)

Assume (a can be meromorphically extended to W C C.
The set of complex dimensions of A visible in W:

P(Ca, W) = {w € W : wis a pole of CA}-
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Complex dimensions of the Sierpinski gasket

6(\/§)175275 §S 5571
= o
s(s —1)(2° —3) + s +3s—1

P(Ca)={0,1} U (Iog2 3+ 2 ﬁz)
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_ 2°° i 4 +27r (1)
Cos(s—1)(25-2) s—1 s’

Ca(s)

P(Ca) = P(a C) = {0} U (1 . f;ﬁZ) @
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Complex dimensions of the 1/3-square fractal
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Relative fractal drum (A, Q)

m 0 #AACRNY, QC RV, Lebesgue measurable, i.e., |Q| < oo

m upper r-dimensional Minkowski content of (A, Q):

— _ As N Q2
M"(A,Q) ;= limsup | ;Nir |

6—0t

m upper Minkowski dimension of (A, Q):
dimg(A, Q) =inf{re R : M"(A Q) =0}

m lower Minkowski content and dimension defined via liminf



Minkowski measurability

m dimg(A, Q) =dimg(A,Q) = Fdimg(A,Q)
m if 3D € R such that
0<MP(A Q)= MP(A Q) < o,

we say (A, Q) is Minkowski measurable; in that case
D = dimg(A, Q)

m if the above inequalities are not satisfied for D, we call (A, Q)
Minkowski degenerated
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The relative distance zeta function

(A, Q) RFD in RN, s € C and fix 6 > 0

m the distance zeta function of (A, Q):

Caqls;d) = /A i, d(x, AN dx

dependence on § is not essential

the complex dimensions of (A, Q) are defined as the poles
of (a0

m take  to be an open neighborhood of A in order to recover
the classical (4
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The relative tube zeta function

(A, Q) an RFD in RV and fix § > 0

m the tube zeta function of (A, Q):

~ s
Caq(s:9) ::/ t" N7l A N Qldt
0

m dependence on J is inessential

m analogous holomorphicity theorem holds for EAJ)(S; J)

m a functional equation connecting the two zeta functions:

Caa(s;d) = 0" NAs N Q| + (N — s)Caals; 9)
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Fractal tube formulas for relative fractal drums

m An asymptotic (Steiner-type) formula for the tube function
t—|A:NQ[ast— 0" intermsof (aq .

Theorem (Simplified pointwise formula with error term)

e a <dimg(A Q) < N; agq satisfies suitable rational decay
(d-languidity) on the half-plane W := {Res > a}, then:

N—s
aenal= 3 res(ftaalsw) +O()

weP(Ca,0,W)

m if we allow polynomial growth of (4 q, in general, we get a
tube formula in the sense of Schwartz distributions



Fractal tube formulas for relative fractal drums
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Fractal tube formulas for relative fractal drums

m An asymptotic formula for the tube function
t— Vag(t) :=|A:NQ|ast— 0" interms of Cagq .

Theorem (Case of simple poles)

e In case the the fractal zeta function has only simple poles:

N—w
Van() = > Itviwres(CA’Q(s),w)+O(tN*a).

weP(Ca,0,W)

m a pole w of order m generates terms of type
tN=w(—logt)k1 for k=1,....,m

’

m if w € C\ R then the term N~ = tN-Rewg—ilmwlogt
introduces oscillations in the order tN—Rew \which are
multiplicative periodic with period T = ¢27/Imw
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The Minkowski measurability criterion

Theorem (Minkowski measurability criterion)

e (A Q) is such that 3D :=dimg(A,Q) and D < N
e (agq is d-languid on a suitable domain W > {Res = D}

Then, the following is equivalent:
(a) (A, Q) is Minkowski measurable.

(b) D is the only pole of (4 q located on the critical line
{Res = D} and it is simple.

In that case:

D _ res(Caq; D)
MT(A Q) = “N-D



The Minkowski measurability criterion

m (a) = (b) : from the distributional tube formula and the
Uniqueness theorem for almost periodic distributions due
to Schwartz

m (b) = (a): a consequence of a Tauberian theorem due to
Wiener and Pitt (conditions can be considerably weakened)

m the assumption D < N can be removed by appropriately
embedding the RFD in RN+1



Figure: The Sierpinski gasket

m an example of a self-similar fractal spray with a generator
G being an open equilateral triangle and with scaling ratios

r1:r2:r3:1/2

= (AQ) =(0G,G)U| (A Q)
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Fractal tube formula for The Sierpinski gasket

6(\@)175275 §S 5571
2
o) @3 s T

By letting wy := log, 3 + pki and p := 27/ log 2 we have that

Ca(s;0) =

2—s

al = 3 res(5—catsione)

weP(Ca)

_ plos, 6v3 +ZOO ( (4/3) P N <3\/§+7r> 0

|og2 oo 2 — wk)(wk — 1)wk
= t>7°&23 H(log, t) + (3\2/5 + 7r> t2

valid pointwise for all t € (0,1/2/3); H: R — R is 1-periodic,
0 < min H = M27°823(A) < Mo (A) = maxH < 400




The fractal nest generated by the a-string

a> 0, aj =2, fj = %= (_j‘l- 1)731 Q= 831(0)

225 & 1
p— Y M+ aj)
j=1

Ca(s) =




Fractal tube formula for the fractal nest generated
by the a-string

2 1 m
- _ —
P(CAQ,Q)_{1,3+1,3+1}U{ o] mEN}

a;«él,D::ﬁ

22-Dpr
[(Aa)e N Q| =

@- D)D)
+ O(tz_?ll), ast— 0"

aP127 P on(2¢(a) — 1)t



Fractal tube formula for the fractal nest generated
by the a-string

2 1 m
- _ —
P(CAQ,Q)_{1,3+1,3+1}U{ o] mEN}

a#xl D: —1+a

22-Dpr
[(Aa)e N Q| =

(2—D)(D-1)
+O( a+1), as t — 0

2—s
|(A1): N Q| = res <2t_ SCAI,Q(S), 1) + o(t)

= 2rrt(—logt) + const - t + o(t) ast— 0

aP127 P on(2¢(a) — 1)t




Fractal tube formula for the fractal nest generated
by the a-string

2 1 m
c<l, — — -
p(CAa,Q)_{ ,a+1,a+1}u{ — meN}

a#xl D: —1+a
(Aa): N Q| =

22-Ppr
(2-D)(D-1)
+O( a+1), as t — 0"

2—s
|(A1): N Q| = res <2t_ SCAI,Q(S), 1) + o(t)

= 2rrt(—logt) + const - t + o(t) ast— 0

aP1?7P 4 27 (2¢(a) — 1)t

e a pole w of order m generates terms of type
tN=“(—logt)k~! for k=1,....m in the fractal tube formula



Some more examples

o

Figure: Left: The 1/2-square fractal. Right: The 1/3-square fractal.

The Hausdorff and Minkowski dimensions equal to 1 which is also
their topological dimension.



Fractal tube formula for the 1/2-square fractal
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Fractal tube formula for the 1/2-square fractal

A (5)
Cos(s—1)(25-2) s—1 s’

Ca(s)

2T

DG =1, P(ea) = P(ea ©) = (0} (14 i) . (9

2—s
Ad= 3 res (;_ SCA(S),w>
weP(Ca) (7)

1+2
+ 7Tt27

= tlogt™! + t G (log,(4t)~*
Zlog 2 ogt "+t G (logy(4t)™") +

valid for all t € (0,1/2), where G is a nonconstant 1-periodic

function on R bounded away from zero and oc.

The 1/2-square fractal is critically fractal in dimension 1.



Fractal tube formula for the 1/3-square fractal

Gals) = 5(352— 2) <s E 1 +Z(s)> + sil + 2?7r (8)

P(Ca) = PO € (01U (logs 24 iz u 1), ()
2 s
|A¢| = Z res( CA, )

weP(Ca) (10)
12
= 16t + t*7'°832G (logs(3t) ) + ;W

£2.

valid for all t € (0,1/+/2), where G is a nonconstant 1-periodic
function on R bounded away from zero and infinity.

The 1/3-square fractal is subcritically fractal in dimension
w=logz2 <dimg A= 1.



Parabolic analytic germs (joint with Mardesi¢ and
Resman)

m let f be an attracting germ of a diffeo. on R at a fixed point 0
and let

Or(x0) :={f*"(x0) - n e N},
be its orbit by f.

m Can one read the formal (or even analytic) class of f from the
“fractality” of its one orbit?
m The tube function of the orbit:

Vi i= Vi €+ |Or(x0)= N [0, xo]|



Parabolic analytic germs

f(x) = x — ax*"T +o(x**1), a>0, x > 0. (11)

m Formal change of variables in the class of formal power series
x + x?R[[x]] reduces f to a normal form which is a time-one
map of a simple vector field:

k+1

d
X ).id, keN, peR. (12

fo(x) = Exp <_1pxkdx

Parabolic germs of the type (12) are called model
diffeomorphisms.

m the pair (k,p) € N x R is called the formal invariant of f.



Fractal zeta function for the general non-model case

Arbitrary parabolic germ

f(x) = x — axk* + o(xk*1) € Diff(R,, 0)

Theorem (B MRR 2020, Complex dimensions for arbitrary

parabolic orbits)

f € Diff(R4,0), of formal class (k,p), k € N, p € R.
The distance zeta function (f(s) can be meromorphically
extended to C.
In any open right half-plane Wy := {Res > 1 — k—’\fl} where
MeN, M > k+2, given as:



Fors € Wy :={Res >1— k—’i’l}

_ m_ 5 52
k-1

¢ (1 : am _ bri1(x0) | apk
(s) =(1 s)2)+<1 5) (HE2 4 22
m=1
M—

+(1-s) Z Z (=17t C’””(X,?LJrg()
=2 b0 (s (1-#%))

g(s) holomorphic in Wjy.

* the coefficients are real, depending on coeffs. of f and xp, as noted!
* higher-order poles correspond to logarithmic terms in the asymptotic
expansion of the tube function due to p # 0



Formal class from complex dimensions

Corollary (MRR Formal class of a parabolic germ from

complex dimensions)

Let f be a parabolic germ f(x) = x — ax*T! + o(xk*1), a > 0

from the formal class (k, p). Then (¢ is meromorphic in C and the
formal class is encoded in two complex dimensions:

the simple pole with largest real part, w3 =1 —

1 -
. T and its
residue:

1

1
ai 2kl g™ K+l
ReS(Cf(S)awl) = k+1 = K )

the double pole with largest real part, wi+1 = 0, and the
residue:

k—1
Res(s - (£(S), wk+1) = apk = 2PT'



Model hyperbolic orbits

fa(x)=ax,0<a<1

m O (x0) = {x0a" : n € No}
m Lr, = {l; = 7 (x0) — U (x0) = x0(1 — a)al : j € No}
. [e%e]
o=y = T L
j=0
m extends meromorphically to all of C from {Res > 0}

double pole at s = 0 and simple poles at

2k

= , kel
log a

Sk

Vi(e) = —Iozas(— loge) +eH (Ioga 7)(0(%‘;)),
H : [0,+00) — R is 1-periodic and bounded



Parabolic orbits vs. hyperbolic orbits and fractality

Il parabolic case: oscillations of the coefficients can be
smoothened by integration
Il hyperbolic case: the oscillations are mulitiplicative periodic and

cannot be smoothened distributionally

1—-1
1, where

1
(a) parabolic orbits: 7. ~ g™ kT, %TE ~e
14 7247 > 1

(b) hyperbolic orbits: 7. ~ —loge, L7. ~ —c~1

The consequence:

(*) in the parabolic case no oscillatory coefficients in the
distributional expansion (seen in poles of zeta function as no
non-real complex dimensions)

(*) in the hyperbolic case oscillatory coefficients remain (seen in
poles of zeta function as purely imaginary complex dimensions,
similarly as for Cantor sets (LF 2013, LRZ 2017)

? who is fractal 7



Reach zeta functions - joint with S. Winter

A C R? compact |A| = 0, then by [HuglLastWeil]:

d—1 e
Al = S was [0 [ 1 < S(Ax )bl A: d(x, )t
P 0 N(A)



Reach zeta functions - joint with S. Winter

A C R? compact |A| = 0, then by [HuglLastWeil]:
d-1 .

A = de,-/ td_'_l/ 1{t < 0(A, x, u) }ui(A; d(x, u))dt.
pars 0 N(A)

N(A) C A x S9! the generalized normal bundle



Reach zeta functions - joint with S. Winter
A C R? compact |A| = 0, then by [HuglLastWeil]:
d-1 .
A = de,-/ td_'_l/ 1{t < 0(A, x, u) }ui(A; d(x, u))dt.
pars 0 N(A)
N(A) C A x S9! the generalized normal bundle

d(A,x,u) = thereach at (x,u) € N(A)



Reach zeta functions - joint with S. Winter
A C R? compact |A| = 0, then by [HuglLastWeil]:
d-1 .
A = de,-/ td_'_l/ 1{t < 0(A, x, u) }ui(A; d(x, u))dt.
i—0 0 N(A)
N(A) C A x S9! the generalized normal bundle
d(A,x,u) = thereach at (x,u) € N(A)

wi(A;-) = the i-th support measure on N(A)



Reach zeta functions - joint with S. Winter
A C R? compact |A| = 0, then by [HuglLastWeil]:
d-1 .
A = de,-/ td_'_l/ 1{t < 0(A, x, u) }ui(A; d(x, u))dt.
i—0 0 N(A)
N(A) C A x S9! the generalized normal bundle
d(A,x,u) = thereach at (x,u) € N(A)

wi(A;-) = the i-th support measure on N(A)

Cails) = / (5(A, x, u) A &) i(A: d(x, u)),
N(A)



Reach zeta functions - joint with S. Winter
A C R? compact |A| = 0, then by [HuglLastWeil]:
d-1 .
A = de,-/ td_'_l/ 1{t < 0(A, x, u) }ui(A; d(x, u))dt.
i—0 0 N(A)
N(A) C A x S9! the generalized normal bundle
d(A,x,u) = thereach at (x,u) € N(A)
wi(A;-) = the i-th support measure on N(A)

Cails) = / (5(A, x, u) A &) i(A: d(x, u)),
N(A)

d-1

Cals) =) (:d_*;'.CA,,-(S),
i=0




Further research directions

m Extending the notion of complex dimensions to include
logarithmic and “mixed” singularities points and connecting
them with various gauge functions appearing in fractal tube
formulas

m Obtaining corresponding tube formulas and gauge-Minkowski
measurability criteria (with M. Lapidus)

m Applying the theory to problems from dynamical systems
(with M. Resman, P. Mardesic, M. Klimes, R. Huzak)

m Connecting the theory with fractal curvatures and support
measures (with S. Winter)
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